Abstract-In this paper, the two-dimensional (2-D) directionof-arrival (DOA) estimation problem for a mixture of circular and noncircular sources is considered. In particular, we focus on a 2-D array structure consisting of two parallel uniform linear arrays and build a general array model with mixed circular and noncircular sources. The received array data and its conjugate counterparts are combined together to form a new data vector, based on which a series of 2-D DOA estimators is derived. Compared with existing methods, the proposed one has three main advantages. First, it can give a more accurate estimation in situations, where the number of sources is within the traditional limit of high-resolution methods. Second, it can still work effectively when the number of mixed signals is larger than that of the array elements. Finally, the paired 2-D DOAs of the proposed method can be obtained automatically without the complicated 2-D spectrum peak search and, therefore, has a much lower computational complexity. Index Terms-Two-dimensional (2-D), direction-ofarrival (DOA), non circular signal, rank-reduction, planar arrays.
I. INTRODUCTION
T HE ESTIMATION of two-dimensional (2-D) direction of arrival (DOA) is an important area of array signal processing and has received much attention in the last few years [1] , [2] . Many effective methods and algorithms have been proposed based on different array structures, such as two-parallel uniform linear arrays (ULAs) [3] - [7] , L-shaped ULAs [8] - [12] , and uniform rectangular arrays (URAs) [13] - [16] .
In most traditional DOA estimation algorithms, only the traditional covariance matrix is considered which characterizes the circular Gaussian distribution and in recent years, the DOA estimation problem for non-circular signals has been attracting more and more attention, first for one-dimensional (1-D) or linear arrays [17] - [25] , and then extended to the 2-D case [26] - [28] . By exploiting this additional noncircularity information, an improved performance can be achieved for both 1-D and 2-D DOA estimation.
In particular, in [26] , Liu. et al proposed an extended rank reduction (ERARE) method for noncircular sources based on two-parallel ULAs, with improved estimation accuracy compared to that in [4] . Based on [12] , the estimation accuracy was also improved with the conjugate information of the observed data for L-shaped ULAs in [27] . By employing noncircular signal constellations, Roemer and Haardt proposed a DOA estimation algorithm for a regular-hexagonal shaped ESPAR array, with a detailed analysis of the Cramer-Rao bound (CRB) [28] . A more general problem is that the impinging signals to the array are a mixture of circular and non-circular ones, such as a mixture of quadrature phase shift keying (QPSK) signals (circular) and binary phase shift keying (BPSK) signals (non-circular). This problem has been studied for DOA estimation of 1-D arrays and several approaches have been proposed [29] - [31] . In [29] , a new data vector was formed by combining the original data and its conjugate version to construct two estimators for direction finding of circular and non-circular signals, respectively. However, it cannot deal with the problem when the DOAs of the circular and noncircular signals are coincident, and a small angle separation between them will lead to severe performance degradation. An improved algorithm was then proposed in [30] , which estimates the DOAs of circular and non-circular signals separately by exploiting the difference between the circularity properties of the signals. Nevertheless, when the number of data samples is small, its DOA estimation performance will degrade. In [31] , the problem was solved using a sparse representation algorithm, which employs overcomplete dictionaries subject to sparsity constraints to jointly represent the covariance and elliptic covariance matrices of the array output. However, to the best of our knowledge, the 2-D DOA estimation problem for mixed circular and non-circular impinging signals has not yet been addressed in literature.
In this paper, we fill this gap and study the problem based on the 2-D structure consisting of two parallel ULAs. Starting from the non-circular signal only formulations in [26] , we first build a general array model to accommodate the case with 1558-1748 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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mixed circular and non-circular signals and then propose a novel method for 2-D DOA estimation. One advantage of the proposed method is that it can give a more accurate estimation in situations where the number of sources is within the traditional limit of high resolution methods in [3] ; secondly, it can still work effectively when the number of mixed signals is larger than that of the array elements; and finally, the paired 2-D DOAs of the proposed method can be obtained automatically without the complicated 2-D spectrum peak search. Extensive simulation results will be provided to show the performance of our proposed method. Throughout the paper, (·) * , (·) T , (·) −1 and (·) H represent conjugation, transpose, inverse and conjugate transpose, respectively. E(·) is the expectation operation; diag(·) stands for the diagonalization operation; I p denotes the p × p dimensional identity matrix; det [·] is the determinant of a matrix.
II. PROBLEM FORMULATION
As shown in Fig.1 , suppose that there are K = K n + K c uncorrelated far-field sources impinging upon the array with K n noncircular sources s n,k (t) and K c circular sources 
where A is the steering matrix with each column denoted by a(θ k ), given by a( 
In (3),Ḃ is given bẏ
, and s(t) is defined as We assume s n,k (t) is a strictly noncircular (rectilinear) signal [32] , [33] . Then it can be expressed as s n,k (t) = b n,ksn,k (t), wheres n,k (t) is a real signal, and
is an arbitrary phase shift for the signal.
III. THE PROPOSED METHOD
In this section, the 2-D DOA estimation algorithm for a general mixture of circular and non-circular signals impinging on the two parallel ULAs is derived in detail, based on the observed data coupled with its conjugate counterparts.
A. General Array Model
By concatenating the observed data vectors x(t) and y(t), we define a new data vector z(t) as follows
For simplified notation, the pair of angles (θ, β) together with t are omitted in the following when not causing any confusion.
In (6) , C(θ, β) is named as the extended steering vector with each column denoted as c(θ, β), which can be expressed as
where
are 2M × K n and 2M × K c matrices, respectively. Then, another new data vectorz is defined by combining the vector z and its conjugate counterpart z * as follows
withc
being a 4M × 1 vector (k = 1, 2, . . . , K n ), and
is a (K n + 2K c ) × 1 vector, and
is a 4M × 1 vector. Based on the above general array model, the proposed method is derived in the following section.
B. Main Method
The covariance matrix ofz is given by
] is the covariance matrix ofs. Remark 1: In practice, only a finite number of observed data is available. Thus,Ȓ is estimated bȳ
where L denotes the number of snapshots. With less observed data, there will be a larger error in the estimated covariance matrix, which will lead to a degradation in performance.
Since the signals are not correlated with each other,Ȓ s is a full rank matrix. Then the eigen-value decomposition (EVD) ofȒ isȒ
where the 4M × (K n + 2K c ) matrix E s and the 4M × (4M − K n − 2K c ) matrix E n are the signal subspace and noise subspace, respectively. The
Considering that bothC and E s span the signal subspace, which are orthogonal to the noise subspace spanned by the matrix E n , we derive the following estimators to obtain the 2-D DOAs of noncircular and circular signals using the rank-reduction method.
1) 2-D DOA Estimation for Noncircular Sources:
Based on the orthogonality between E n andc n,k , the following equation
In order to avoid the 2-D spectrum peak search related to (θ n,k , β n,k ) in a grid area, together with (13), (19) can be rewritten as
Defining a 4M × 4 matrix (θ ) which is only related to θ
and
we obtain the following estimator over θ corresponding to noncircular signals as
If searched over the confined region with θ ∈ [0, π], the DOAs θ n,k of noncircular sources can be obtained from peaks in f n .
We then substitute the estimated θ of noncircular sources into (20) and have the following estimator over β corresponding to noncircular signals
2) 2-D DOA Estimation for Circular Sources: The orthogonality between E n andC c,k still holds, i.e.
From (27), we have
Partitioning the matrix
] T , where E n1 and E n2 are two submatrices of the same size (28) and (29) can be changed to
As shown in Appendix, (30) and (31) are equivalent to each other.
Here, based on (30), the estimator over θ corresponding to circular signals is as follows.
Since
we have
Similarly, the DOAs θ c,k of circular sources can be obtained from peaks in f c by searching over the confined region only related to θ .
With the estimated θ of circular sources, we substitute them into (30) and have the following estimator over β corresponding to circular signals
Note that the estimator in (33) is quite similar to the one in (23) except that E n1 , half of the noise subspace matrix E n , is used in (33) . However, the way to achieve β of noncircular and circular signals is different. The estimator in (24) uses the rank-reduction MUSIC method, while the estimator (36) uses the conventional MUSIC method.
C. Identification of Circular and Noncircular Signals
In order to discriminate the 2-D DOAs of circular signals from that of noncircular signals, we consider equation (27) 
It is concluded that the 2-D DOAs of both noncircular and circular signals can be obtained from (23) and (24), while the estimators (33) and (36) 
D. Summary of the Proposed Algorithm
The proposed algorithm is summarized as follows: 1) Calculate the covariance matrixR from the collected data. 2) Obtain the noise subspaceĒ n by performing EVD toR. 3) Use (23) and (24) 
while two direct 2-D spatial spectrum search procedures entail a computational complexity of O
Remark 3: When the incident signals are all noncircular ones, the proposed method will be equivalent to the method in [26] except that the way to construct the new data vectorz is different.
Remark 4: It should be mentioned that the number of columns of E n should be no less than 4. Therefore, 4M − K n −2K c ≥ 4 must be satisfied to use (23) and (24) . For M elements in each ULA, Xia's method in [3] can detect K n noncircular and K c circular signals up to K n + K c = 2(M −1), while our proposed method can estimate 2K n noncircular signals for the same K c of circular signals and therefore, the total number of incident signals is K n + 2K c = 4(M − 1); Liu's method in [26] can only distinguish 4(M −1) noncircular signals.
Remark 5: In contrast to the existing methods, the proposed one has three main advantages. First, it can perform a more accurate estimation in situations where the number of sources is within the traditional limit of high resolution methods; second, it can still work effectively when the number of mixed signals is larger than that of the sensor elements; and third, the proposed method has a much lower computational complexity to achieve the automatically paired 2-D DOAs without the complicated 2-D spectrum peak search. As with other DOA estimation algorithms, when angle separation of the impinging signals is small, it will suffer from a high RMSE value and its performance will improve with a larger separation angle, as demonstrated in Subsection IV.D. Moreover, although 2-D spectrum search can be avoided with the proposed algorithm, its computational complexity is still high and further reduction is needed in the future. The I/Q diagram of a UQPSK signal with a noncircularity coefficient 0.6. Remark 6: It should be pointed out that the conclusion about the additional number of source signals which can be resolved by the proposed algorithm is only valid in the presence of strictly noncircular signals. However, the proposed algorithm is also applicable to arbitrary non-circular signals with at least one strictly noncircular signal. In this case the algorithm will treat the arbitrary noncircular signals (excluding the strictly non-circular one) in the same way as the circular signals. This is because the arbitrary noncircular signals have a similar structure to the circular signals mathematically that always have both real and imaginary components. When there is no strictly non-circular signals, i.e. K n = 0, we can directly use (27) or (39) and (40) to estimate the directions of arbitrary non-circular signals or a mixture of both circular and arbitrary non-circular signals. One note is, in theory, although we will be able to achieve an improved performance compared to the traditional ones due to the additional second order statistics information being exploited in the formulation, the improvement will not be observable for relatively high signalto-noise ratio (SNR) scenarios (no strictly noncircular signals present), as already pointed out in [18] . One example for such arbitrary non-circular signals is the unbalanced quadrature phase shifting keying (UQPSK) signal whose complex components in the I/Q diagram have different powers, as shown in Fig.2 with a noncircularity coefficient of 0.6. In the next section, we will provide a simulation with a mixture of BPSK, UQPSK and QPSK signals.
IV. SIMULATION RESULTS
In this section, simulations are performed to illustrate the performance of the proposed algorithm. For all simulations, each of the two parallel ULAs has four elements except for the simulations A.2, D and E, which have five elements. Both d x and d y are half wavelength.
The mixed circular and non-circular incoming signals have equal power. The power of additive white Gaussian noise is σ 2 n . The SNR is defined as SNR = 10log 10 (σ 2 s σ 2 n ). We use root mean square error (RMSE) to evaluate the estimation performance, which is defined as
where M c = 100 is the number of Monte Carlo simulations, K is the number of signals,ζ q,k is the estimated result (θ k orβ k ) in the qth Monte Carlo simulation, and ζ k is the real value for either θ k or β k of the kth signal. Besides, Xia's method in [3] and Liu's method in [26] are included for comparison. from directions (65°, 50°), (90°, 105°), (50°, 60°), (125°, 85°) and (30°, 115°), while the QPSK signals from (105°, 95°), (75°, 40°) and (115°, 70°). The SNR is 20dB. The number of snapshots is 1500. Fig. 3 (a) and (b) shows the spatial spectrum of the strictly noncircular and circular estimators related to θ and β by the proposed algorithm, respectively, where the "BPSK estimator" uses equations (23) and (24), and the "QPSK estimator" uses equations (33) and (36). It can be seen that the eight signals are all distinguished successfully by the proposed algorithm where the condition K n + 2K c = 11 < 4(M −1) = 12 is met. For this case, both Xia's and Liu's methods have failed, because K n + K c = 8 > 2(M − 1) = 6 with Xia's method, and for Liu's method, only BPSK signals can be estimated.
A. Spatial Spectrum of the
2) A Mixture of BPSK, UQPSK and QPSK Signals: In this set of simulations, we replace the BPSK signal from direction (30°, 115°) by a UQPSK one and increase the sensor number to 5 with the other parameters the same as in the first simulation. The results in Fig. 4 (a) and (b) clearly show that the proposed method can still work with a mixture of BPSK, UQPSK and QPSK signals as discussed in Remark 6, where the "UQPSK+QPSK estimator" used equations (33) and (36). 
B. Performance Versus SNR
In this set of simulations, we study the performance with a varying SNR from 0dB to 30dB. There are four uncorrelated signals from directions (60°, 50°), (80°, 70°), (100°, 85°) and (125°, 105°). We consider four cases where one, two, three and four BPSK signals are considered, respectively. The number of snapshots is 1200. As shown in Fig. 5 (a) and (b) , the proposed method outperforms Xia's method in all cases because the noise subspace dimension increases by exploiting the conjugate information of the received data. Moreover, the 2-D DOA estimation performance of the proposed method improves from case 1 to case 4, and the reason for this is that the noise subspace has been extended by increasing the number of BPSK signals. Especially, for case 4 where the incoming signals are all BPSK, the proposed method is reduced to Liu's method except that the way to construct the new data vectorz is different. Therefore, in this case both methods exhibit the same performance.
C. Performance Versus Number of Snapshots
The performance of the proposed method is studied in this part with the number of snapshots varying from 50 to 750. The SNR is fixed at 15 dB and the other parameters are the same as in section B. The RMSE results for the three methods are shown in Fig. 6 (a) and (b) , and we can draw similar conclusions as in section B.
D. Performance Versus Angle Separation
Now the performance of the proposed method is investigated with the angle separation of 2-D DOAs varying from 5°to 23°. The SNR is fixed at 20dB and the snapshot number is 800. Four uncorrelated signals arrive from directions (65°, 40°), ((65+ )°, (40+ )°), (100°, 75°) and ((100+ )°, (75 + )°). We consider three cases where one, two and three BPSK signals are present. Naturally, when angle separation is small, all methods will suffer with a high RMSE value and their performance will improve with a larger separation angle, as shown in Fig. 7 (a) and (b) . Moreover, our proposed method again has outperformed Xia's method for all three cases.
E. Deterministic CRB [28] for Strictly Noncircular Signals Versus SNR
Here, we only study the deterministic CRB with case 4 mentioned in section B where all the incoming signals are BPSK. Keeping other parameters unchanged as in simulation B, we set the sensor number to five, and vary the SNR from -5dB to 20dB. As shown in Fig. 8 (a) and (b) , the deterministic CRB for strictly noncircular signals denoted as CRB nc has a lower RMSE value than the deterministic CRB for circular signals which is denoted as CRB c at low SNRs which is in accordance to the analysis in [28] .
V. CONCLUSION A generalized 2-D DOA estimation algorithm for mixed circular and non-circular signals has been proposed based on a 2-D array structure consisting of two parallel ULAs. As also demonstrated by extensive simulation results, compared to the existing methods, the proposed one has three main advantages. Firstly, it can give a more accurate estimation in situations where the number of sources is within the traditional limit of high resolution methods; secondly, it can still work effectively when the number of mixed signals is larger than that of the array elements; and finally, the paired 2-D DOAs of the proposed method can be obtained automatically without the complicated 2-D spectrum peak search and therefore has a much lower computational complexity.
APPENDIX
Here, we prove that (30) and (31) are equivalent. Proof : The orthogonality between E n andC can be expanded as
, C 2 and C * 2 are block matrices, (41) can be rewritten in the following form
Applying the conjugate operation on both sides of (42), we obtain
H which is an orthonormal matrix.
Then (43) can be rewritten as
SinceC is a full-column-rank matrix,Ẽ n will also span the noise subspace. From the uniqueness of the projection matrix onto a subspace, one can readily conclude that
Therefore, we have the following equation
which completes the proof. 
